
Rational Teachers Should ‘Lie’ to Bounded Students
Huang Ham (hamhuang@princeton.edu)1, Dilip Arumugam2, Carlos G. Correa3, Bonan Zhao4,

Thomas L. Griffiths1,2 & Natalia Vélez1
1Department of Psychology, Princeton University

2Department of Computer Science, Princeton University
3Department of Psychology, New York University
4School of Informatics, University of Edinburgh

Abstract

Educators often build up complex concepts by teaching
simplified versions that are not quite accurate, such as
Bohr’s model of the atom or Newtonian mechanics. “Lying
to children”, while ubiquitous in STEM teaching, poses a
challenge to existing cognitive models of pedagogy, which
assume that teachers select evidence that truthfully repre-
sents a target concept. Why would helpful, knowledge-
able teachers lie? We present a theoretical framework that
addresses this puzzle by reinterpreting optimal pedagogy
through the lens of bounded rationality. When learners
face cognitive constraints on belief updating, our model
predicts that teachers should prioritize examples that will
bring the learner closest to the target concept—even if
they do not represent the target concept truthfully; by con-
trast, classic pedagogy models fail to make this prediction.
Our work formalizes an insight that educators have long
understood: pedagogical “lies” are not meant to mislead
learners, but to meet them where they are.

Keywords: Bayesian Pedagogy; Bounded Rationality;
Information Theory; Optimal Transport; Rate-Distortion
Theory; Social Cognition

Introduction
STEM educators often build up complex concepts by
teaching students simplified versions that are, strictly
speaking, wrong. Physics students learn Newtonian me-
chanics before discovering that it fails at high velocities;
chemistry students memorize orbital diagrams that are
superseded by quantum mechanics; and geometry stu-
dents master Euclidean proofs before learning that par-
allel lines can meet. This practice—colloquially termed
“lies-to-children” (Pratchett et al., 1999)—poses a chal-
lenge for Bayesian models of pedagogy, which assume
that teachers pass down concepts to learners by selecting
among examples that are consistent with the target con-
cept (Shafto et al., 2021; Shafto et al., 2014). However,
this assumption is often at odds with educational prac-
tice. Some prior research even suggest that learners fail
to extract helpful information if the teacher is being de-
ceptive (Alister et al., 2023). Why would, then, teachers
deliberately select examples that are inconsistent with the
concept they intend to convey?

Existing work from developmental and educational
psychology offers a potential resolution: these “lies” are

not strictly-speaking deception. They are simplifications
or approximations designed to help teachers meet learn-
ers where they are. Good teaching cannot be defined in
absolute terms; it depends on the learner’s current knowl-
edge state. This idea traces back to Vygotsky (1978)
who argued that teaching should be situated within the
learner’s zone of proximal development, defined as the
gap between what a learner can do independently and
what they can achieve with guidance. Empirical work on
the expertise reversal effect suggests that properly cali-
brating teaching to learners’ expertise is critical: instruc-
tional techniques that are effective with beginners can
harm more advanced learners, and vice versa (Kalyuga et
al., 2003). Strikingly, even preschool-aged children pro-
vide information appropriately calibrated to the learner’s
knowledge (Gweon et al., 2018). In this light, simplified
theories like Newtonian mechanics may act as scaffolds
that enable progression towards more advanced concepts
(Corcoran et al., 2009; Smith et al., 1993). Yet while
prior work establishes the importance to calibrate to the
learner, it does not explain when or why effective peda-
gogy should involve teaching content that is strictly false.

We address this gap by developing a computational
framework that formalizes how teachers should calibrate
to learners’ cognitive constraints. First, we reformulate
Bayesian pedagogy models to allow for an interpretation
through bounded rationality, where learners have lim-
ited capacity to update their beliefs and where teachers
aim to provide information that brings the learner close
enough to the target hypotheses. Unlike classic mod-
els, our framework relaxes the assumption that teachers
should only select among examples that accurately in-
stantiate the target concept; instead, our model prioritizes
examples that provide the most effective bridge between
learners’ initial beliefs and the truth. Second, through
simulation studies, we establish that our framework iden-
tifies specific conditions where teachers should teach the
best approximation of the target concept; by contrast,
Bayesian pedagogy models do not predict that teachers
should ever teach approximations. We conclude by dis-
cussing how this framework could be extended to cap-
ture when and how pedagogical approximations enable
progression towards more sophisticated concepts across
longer curricula. Simulation code and mathematical de-



tails are at https://github.com/HuangHam/CogSci2026-
pedagogical-lies.

Background
Our framework builds on Bayesian pedagogy models,
which formalize teaching as a series of recursive infer-
ences between a teacher and a learner. More recent for-
mulations based on optimal transport theory extend this
approach to characterize teaching as a special case of
cooperative communication.

Bayesian Pedagogy
Bayesian pedagogy models characterize teaching as a set
of recursive inferences between a teacher and a learner,
where the teacher selects examples that will lead the
learner toward a target concept and the learner works
backward from the examples provided to infer what the
teacher is trying to tell them (Shafto et al., 2014). For-
mally, these models assume that teachers and learners
share the following information:
• Hypothesis space H : The set of possible concepts or

hypotheses the teacher may wish to convey.
• Data space D: The set of possible data or examples

the teacher can provide.
• 𝑃𝐿 (ℎ) ∈ Δ(H): The learner’s prior belief over the

hypotheses, often assumed to be uniform.
• 𝑃𝑇 (𝑑) ∈ Δ(D): The teacher’s prior belief over data,

which is often assumed to be uniform as well.
• 𝑃(𝑑 |ℎ)𝑖𝑛𝑖𝑡 : An initial likelihood function, often de-

fined by a consistency matrix that assigns equal proba-
bility to all examples 𝑑 consistent with ℎ (𝑃(𝑑 |ℎ)𝑖𝑛𝑖𝑡 ∝
1), and 0 otherwise.
Within this context, teachers select evidence to teach

(𝑃𝑇 (𝑑 |ℎ)) that maximizes the learner’s belief in the tar-
get hypothesis (𝑃𝐿 (ℎ|𝑑)). The solution can be derived
through the following system of equations:

𝑃𝐿 (ℎ|𝑑) =
𝑃𝑇 (𝑑 |ℎ)𝑃𝐿 (ℎ)∑

ℎ′∈H 𝑃𝑇 (𝑑 |ℎ′)𝑃𝐿 (ℎ′)
(1)

𝑃𝑇 (𝑑 |ℎ) =
𝑃𝐿 (ℎ|𝑑)𝛼𝑃𝑇 (𝑑)∑

𝑑′∈D 𝑃𝐿 (ℎ|𝑑′)𝛼𝑃𝑇 (𝑑′)
(2)

where𝛼 ∈ [0,∞) is a temperature parameter that controls
the extent to which the teacher chooses data that maxi-
mizes the learner’s posterior belief in the true hypothesis.

This system of equations is typically solved using fixed-
point iteration. The process begins with the teacher’s ini-
tial likelihood function, 𝑃(𝑑 |ℎ)𝑖𝑛𝑖𝑡 , which assigns proba-
bility only to examples that are strictly consistent with the
target hypothesis. The teacher then considers how likely
the learner is to infer the correct hypothesis from these
examples, assigning greater probability to examples that
maximize the learner’s posterior belief. This recursive

process iterates until it converges to a fixed point. Impor-
tantly, because classic pedagogy models ground teaching
in the consistency matrix 𝑃(𝑑 |ℎ)𝑖𝑛𝑖𝑡 , they can only select
examples that are strictly true. Our theoretical frame-
work relaxes this assumption to take learners’ cognitive
constraints into account.

Optimal Pedagogy as Belief Transport
A key insight from Bayesian pedagogy models is that the
principles that underlie effective teaching support effec-
tive communication more broadly. Thus, these models
capture teaching behaviors in a variety of modalities, in-
cluding verbal descriptions (Sumers et al., 2022), demon-
strations (Ho et al., 2016), and examples (Shafto et al.,
2014), and they share deep commonalities with mod-
els of cooperative communication in language (Frank &
Goodman, 2012; Goodman & Frank, 2016). Shafto et al.
(2021) recently formalized this insight by proving that
Bayesian pedagogy models can be derived from a more
general theory of cooperative communication.

Specifically, this formalization is grounded in a
well-studied optimization problem in probability theory
known as optimal transport (Peyré, Cuturi, et al., 2019;
Villani, 2008). While originally developed to find op-
timal plans to transport resources, Shafto et al. (2021)
demonstrate how this framework can also be used to un-
derstand how teachers effectively “transport” a target con-
cept or belief into the learner’s mind. The teacher aims
to minimize the expected cost of teaching, which is mea-
sured as: (1) how well the learner understands the target
concept and (2) how easily the teacher selects examples.
For pedagogical communication, the cost of teaching ex-
ample 𝑑 to convey hypothesis ℎ is thus defined as:

𝐶 (𝑑, ℎ) = − log 𝑃𝐿 (ℎ|𝑑) − log 𝑃𝑇 (𝑑) (3)
We call this cost function the Log-Posterior Cost. The
first term, − log 𝑃𝐿 (ℎ|𝑑), captures the learning outcome:
it is lower when the example 𝑑 leads the learner to
strongly believe in the target hypothesis ℎ. The second
term, − log 𝑃𝑇 (𝑑), reflects the teacher’s prior preference
or availability of examples. Notably, the optimal trans-
port problem involves constraints on individual marginal
distributions, requiring the provision of both 𝑃𝐿 (ℎ) and
𝑃𝑇 (𝑑). Relaxing one of these constraints constitutes an
important step towards designing our new model.

By casting Bayesian pedagogy as an optimal transport
problem, Shafto et al. (2021) outline a specific optimiza-
tion problem teachers aim to solve for balancing pedagog-
ical effectiveness with practical constraints on example
selection. However, this optimization does not account
for cognitive limitations on learners’ belief-updating. Our
bounded rationality framework builds on this notion of
cost by using tools from information theory (Shannon,
1948) to formalize the relationship between pedagogical
accuracy and the cognitive effort of learning.

https://github.com/HuangHam/CogSci2026-pedagogical-lies
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Rate-distortion Theory
Rate-distortion theory (RDT) is the sub-area of infor-
mation theory dedicated to lossy compression (Shannon,
1959). It formalizes the tradeoff between compression
and fidelity: how much information can be discarded
while keeping expected errors within acceptable bounds.

This framework maps onto pedagogy when we recog-
nize that learners face analogous constraints: they cannot
fully absorb all information a teacher provides, forcing
them to balance the cognitive effort of updating their be-
liefs (rate) against how accurately those beliefs reflect
the target concept (distortion). Critically, RDT provides
mathematical tools to formalize this tradeoff. The cogni-
tive effort of belief updating can be quantified using the
Kullback–Leibler (KL) divergence (Kullback & Leibler,
1951) between the learner’s prior and posterior beliefs,

𝐷KL (𝑃𝐿 (ℎ|𝑑) | | 𝑃𝐿 (ℎ)) =
∑︁
ℎ∈H

𝑃𝐿 (ℎ|𝑑) log
(
𝑃𝐿 (ℎ|𝑑)
𝑃𝐿 (ℎ)

)
which is equal to the mutual information (Cover &
Thomas, 2012) between the teacher’s provided data and
learner’s beliefs. Imposing a rate constraint is commen-
surate with a learner having limited capacity for learning.
Under such bounded rationality, we can leverage RDT to
derive optimal teaching strategies that minimize expected
cost. Crucially, as we show later, this framework predicts
that teachers should sometimes select examples that are
strictly false but cognitively accessible.

Optimal Pedagogy for Bounded Learners
We can now formalize optimal pedagogy under cognitive
constraints. From prior work, we begin with the optimal
transport formulation of pedagogy, where teachers select
examples that balance pedagogical effectiveness against
practical constraints. Our key innovation, motivated by
rate-distortion theory, is to relax the constraint on the
teacher’s marginal 𝑃𝑇 (𝑑) imposed by optimal transport.
Rather than fixing how teachers distribute probability
over examples in advance, we allow teachers to select
examples based on the learner’s prior beliefs, balancing
cognitive effort against expected cost. This small change
fundamentally alters what counts as optimal teaching.

Formally, the teacher solves this optimization problem:

min
𝑃𝑇 (𝑑 |ℎ)

𝜆 E [𝐶 (𝐷, 𝐻)]︸          ︷︷          ︸
Distortion

+ I(𝐷;𝐻)︸   ︷︷   ︸
Rate

. (4)

This objective balances two competing goals. The first
term, E [𝐶 (𝐷, 𝐻)], represents the expected cost of the
learner’s errors—that is, how much the learner’s beliefs
deviate from the target concept. Minimizing this term
alone would lead teachers to select examples that max-
imize accuracy, as in Bayesian pedagogy models. This
choice of cost function need not be the log-posterior cost
(Equation 3) typically used in Bayesian pedagogy; in fact,

we later entertain with an alternative “expected-mistake”
cost function that is pivotal to our model of pedagogical
approximation. The second term,

I(𝐷;𝐻) =
∑︁
𝑑∈D

𝑃𝑇 (𝑑) · 𝐷KL (𝑃𝐿 (ℎ|𝑑) | | 𝑃𝐿 (ℎ))

=
∑︁
ℎ∈H

𝑃𝐿 (ℎ) · 𝐷KL (𝑃𝑇 (𝑑 |ℎ) | | 𝑃𝑇 (𝑑))
(5)

formalizes the cognitive effort of learning as the mu-
tual information between the learner’s beliefs and the
teacher’s examples—a standard measure of informational
cost in cognitive science (Quillien & Taylor-Davies, 2026;
Taylor-Davies & Quillien, 2025; Zhu & Griffiths, 2025).
Intuitively, this measures how much the learner’s beliefs
change in response to teaching. Higher values indicate
that the examples require the learner to substantially re-
vise what they already believe; lower values indicate ex-
amples that align closely with the learner’s prior beliefs.
Minimizing this term corresponds to selecting examples
that require minimal cognitive effort—that is, examples
that “meet learners where they are.”

The parameter 𝜆 ∈ R≥0 controls the tradeoff between
these two objectives. When 𝜆 is large, the model priori-
tizes accuracy over cognitive effort, implicitly presuming
that learners have arbitrarily high capacity. This set-
ting recovers the behavior of Bayesian pedagogy mod-
els where teachers always select strictly true examples.
When 𝜆 is small, learners face tight cognitive constraints,
and the model prioritizes cognitive accessibility. This al-
lows teachers to select examples that may be strictly false
but easier for learners to absorb.

This formalization offers a potential explanation for
pedagogical approximations: when cognitive resources
are limited, teachers must balance bringing the learner
as close as possible to the target concept against staying
close to what learners already know and believe. Un-
der sufficiently tight constraints, this tradeoff may favor
selecting examples that are strictly inconsistent with the
target concept but cognitively accessible. We test this pre-
diction using a toy example inspired by real-world mathe-
matics curricula, systematically comparing our bounded
rationality model against classical Bayesian pedagogy.

Approximations about Geometry
The following toy scenario is inspired by the teaching of
geometry. To the best of our knowledge, space is not
flat, and thus Euclidean geometry is an over-simplified
model of physical reality. Depending on the gravity field,
hyperbolic geometry best describes regions with negative
curvature (a saddle shape), while Riemannian geometry
best describes regions with positive curvature (the surface
of a ball). Thus, the system that best describes physi-
cal reality encompasses all of these alternative geometric
systems—in other words, a general geometry. However,



Euclidean geometry is still widely taught in math and
physics classes as the only geometric truth.

We formalize this pedagogical scenario as follows. The
hypothesis space includes three geometric systems: ℎ1 =

Euclidean geometry, ℎ2 = Riemannian geometry, and
ℎ3 = general geometry. The data space includes three
statements about triangle angle sums: 𝑑1 = “the sum of
interior angles of triangles is 180 degrees”, 𝑑2 = “the
sum of interior angles of triangles is greater than 180
degrees”, 𝑑3 = “the sum of interior angles of triangles
is less than 180 degrees”. The consistency matrix below
shows which statements are true under each geometry:

ℎ1 ℎ2 ℎ3
𝑑1 1 0 1
𝑑2 0 1 1
𝑑3 0 0 1

Note that Euclidean geometry (ℎ1) is only consistent
with 𝑑1, Riemannian geometry (ℎ2) is only consistent
with 𝑑2, and general geometry (ℎ3) is consistent with all.

Model setup
Cost functions. We compare two cost functions to deter-
mine which give rise to pedagogical approximations. The
first is the log-posterior cost commonly used in Bayesian
pedagogy models (Equation 3). This cost is minimized
when the learner strongly believes in the target hypothe-
sis. Importantly, this cost function only allows teachers to
select examples that are strictly consistent with the target
hypothesis (log(0) = ∞ for inconsistent examples).

The second cost function addresses a key limitation:
existing models lack a notion that some wrong beliefs are
more useful than others because they provide a bridge
between the learner’s initial beliefs and the truth. To
capture this, we define a graded distance matrix 𝑀𝐻 that
describes how costly each mistaken belief is:

ℎ′1 ℎ′2 ℎ′3
ℎ1 0 2 2
ℎ2 0.5 0 2
ℎ3 0.5 0.6 0

Rows represent the true concept; columns represent what
the learner believes. These values capture the intuition
that if reality is Euclidean (ℎ1), then believing other-
wise is very costly. However, if reality is non-Euclidean
(ℎ2 or ℎ3), believing it to be Euclidean is less costly—
oversimplifying is better than overgeneralizing.

Using this matrix, we define the expected-mistake cost:
𝐶 (𝑑, ℎ) =

∑︁
ℎ′

𝑃𝐿 (ℎ′ |𝑑)𝑀𝐻 (ℎ, ℎ′) (6)

This measures the expected cost of the learner’s mistakes
under the posterior shaped by example 𝑑. Unlike log-
posterior cost, this allows teachers to select examples that

Figure 1: Bayesian pedagogy model. Rows correspond to
different true hypotheses, varying the learner’s cognitive
capacity. Colors indicate the probability mass allocated
to each datum.

are strictly inconsistent with the target concept, as long as
the resulting mistakes are less costly than the alternatives.

Learner priors. We assume learners have uniform
priors over hypotheses, consistent with standard Bayesian
pedagogy models. However, this framework can accom-
modate non-uniform priors as well.

Aligning model parameters for comparison. Using
the mathematical connection between optimal transport
and rate-distortion theory, it can be shown that Bayesian
pedagogy models are a special case of our framework.
For a given 𝛼 value, the Bayesian pedagogy model opti-
mizes the bounded-rational objective (Equation 4) within
a constrained subspace of all possible teaching policies,
due to the marginal constraint imposed by the teacher’s
prior 𝑃𝑇 (𝑑). This means we can directly compare how
the models behave as we vary cognitive constraints by
setting 𝜆 = 𝛼. We simulate both models across 𝜆 val-
ues ranging from 0.1 to 100 (evenly spaced in log space),
where𝜆 = 0.1 represents the tightest cognitive constraints
and 𝜆 = 100 represents learners with minimal constraints.

Bounded rationality predicts approximations
Simulation of the Bayesian pedagogy model (Figure 1)
shows that it never predicts that teachers should teach
approximations. The model consistently uses 𝑑1 to teach
ℎ1, 𝑑2 to teach ℎ2, and 𝑑3 to teach ℎ3, regardless of
cognitive capacity 𝜆. While there is more stochasticity
at small 𝜆, the model assigns zero probability to any
inconsistent statement. Critically, it fails to capture real
educational practice, where student are taught “the sum
of interior angles is 180 degrees” (𝑑1), though general
geometry best captures reality (ℎ3).

By contrast, our bounded rationality model success-
fully predicts pedagogical approximations (Figure 2). We
modified the Bayesian pedagogy model in two ways:
first, by replacing the log-posterior cost function with
expected-mistake cost (Equation 6) and, second, by re-
laxing the marginal constraint on 𝑃𝑇 (𝑑) to obtain the



Figure 2: Our model. Rows correspond to different true
hypotheses, varying the learner’s cognitive capacity. Col-
ors indicate the probability mass allocated to examples.

Figure 3: Only changing the cost function does not pro-
duce behavior of teaching approximations. Rows corre-
spond to different true hypotheses, varying the learner’s
cognitive capacity. Colors indicate the probability mass
allocated to each datum.

unconstrained optimal solution to the bounded-rational
objective (Equation 4). When cognitive constraints are
tight (𝜆 is low), the model predicts teachers should use 𝑑1
(“the sum of interior angle of a triangle is 180 degrees”)
to teach all three geometric systems. This is a genuine
approximation: 𝑑1 is strictly inconsistent with ℎ2, yet
optimal teaching still selects it under tight constraints.
As constraints relax (𝜆 increases), the model transitions
through a period where 𝑑2 becomes more probable for
teaching ℎ2 and ℎ3, mirroring how Riemannian geometry
is commonly introduced first to illustrate that geometry
need not be Euclidean. When constraints are minimal (𝜆
is large), the model converges to the same predictions as
Bayesian pedagogy, selecting only consistent examples.

Localizing pedagogical approximations
We next explore whether the two modifications our model
made are both necessary to induce approximations. First,
we explore whether changing the cost function into the
expected mistake cost (Equation 6) alone suffices. We
simulated a model where we changed the cost function
but only optimized within the same marginal constraint

Figure 4: Only relaxing the constraint does not produce
behavior of teaching approximations. Rows correspond
to different true hypotheses, varying the learner’s cogni-
tive capacity. Colors indicate the probability mass allo-
cated to each datum.

Figure 5: Rate-distortion curves: The dots correspond
to the 100 𝜆 values we specified to simulate the models.
The curves show the trade-off achieved by each of our four
models in solving the bounded-rational teaching objective
(Equation 4). For a given rate, the lower the distortion,
the more optimal is the model’s solution.

as the Bayesian pedagogy model by also using a opti-
mal transport solver. Interestingly, this new model looks
qualitatively the same as the Bayesian pedagogy model
(Figure 3). This suggests that changing the cost function
alone does not suffice. One hypothesis is that optimiz-
ing within a further constrained subspace aggressively
prunes otherwise optimal solutions to the teaching prob-
lem from consideration. Support for this is visible in
the rate-distortion curve of the two models (Figure 5A).
When using the same cost function, the optimal transport
solver (which is constrained by the marginal) only yields
a sub-optimal solution compared to the RDT solver; at
each rate, it incurs a higher expected distortion.

For completeness, we next show that the change in cost
function is also necessary for the qualitative behavioral
pattern. In other words, simply relaxing the marginal
constraint assumed by the Bayesian pedagogy model is
not enough. We simulated another model where we kept
the log-posterior cost function but relax the marginal con-
straint (Figure 4). This is mathematically equivalent to
the RD-RSA model (Zaslavsky et al., 2021; Zhou et al.,



2021). Even though the model simulation shows a quali-
tative difference from the regular pedagogy model, it still
does not predict approximations when it is optimal to
teach inconsistent examples sometimes. We plotted the
rate-distortion curve of this model and contrasted it with
the Bayesian pedagogy model (Figure 5B), which shows
that the unconstrained model achieved a broader range of
optimal teaching strategies (more achievable rates).

We have simulated four models to solve the bounded-
rational teaching problem. Two models used the log-
posterior cost function, the other two used the expected-
mistake cost function, which does not assume all mistakes
are equally bad. Two models enforced the teacher to be
constrained by their prior distribution 𝑃𝑇 (𝑑) by using an
optimal transport solver, whereas the other two relaxed
such a constraint by using an RDT solver. We show that
only the model using expected-mistake cost function and
relaxed the constraint on teacher successfully simulated
the behavior of teaching approximations to cognitively
limited learner. Results are summarized in Table 1.

Table 1: Summary of bounded-rational teaching models
and their ability to simulate behavior of teaching approx-
imations when learners are cognitively limited.

Cost Function
Solution Log-posterior Expected-mistake
Constrained No No
Unconstrained No Yes

Discussion
Real-world teachers often teach knowledge that is,
strictly-speaking, incorrect but useful as approximation
to truth. Although this does not constitute a deliberate
attempt to mislead the learner, people colloquially coined
the term “lying-to-children” while referring to this ped-
agogical phenomenon. Research from educational and
developmental sciences argues that this is a good ped-
agogical practice that accommodates learners’ cognitive
limitations (Corcoran et al., 2009; Kalyuga et al., 2003;
Smith et al., 1993). However, the Bayesian pedagogy
model does not predict that lying to learners should ever
be optimal, regardless of learner’s cognitive limitations.
By reinterpreting and generalizing the Bayesian peda-
gogy model using tools from rate-distortion theory, we
found that it makes two overly-restrictive assumptions—
one about the objective of teaching and another about the
constraints from teacher’s prior. Only by changing these
two assumptions did we show that lying to learners can
emerge as the optimal pedagogical practice when learners
are cognitively limited. More broadly, our formulation
extends the line of work on rate-distortion theory as a for-
mal tool for modeling resource-limited cognition (Aru-
mugam et al., 2024; Bhui et al., 2021; Gershman, 2020;

Lai & Gershman, 2021; Prystawski et al., 2023, 2025;
Sims, 2016; Turner et al., 2025; Zaslavsky et al., 2021;
Zhao et al., 2025). However, our findings so far are only
theoretical. Future studies need to test the theory against
human behavior to see whether learner’s cognitive limi-
tations drive teacher’s decisions about whether to teach
things inconsistent with the true hypothesis.

Our theoretic results demonstrate the fruitfulness
of considering optimal pedagogy through the lens of
bounded rationality. Beyond explaining “lying-to-
children”, our framework affords a more general view
of optimal pedagogy that can be used to better explain
the richness of real-world teaching. For example, a key
insight of our framework is that approximations constitute
optimal teaching when learners face cognitive constraints
on belief updating—instead of being restricted to provid-
ing information that is strictly true, our model prioritizes
examples that provide a bridge between learners’ initial
beliefs and the truth. One implication of this result is that
approximations are useful because they may aid progres-
sion towards more complex concepts. If this is the case,
then a natural next step is to model not just the optimal
teacher for a single data point, but to design a full curricu-
lum. Information geometry (Amari, 2016) may contain
useful insights, providing the formal tools to reimagine
the probability distribution as a dot on a surface and be-
lief shaping as movement along that surface. It allows
us to convert an abstract problem of teaching into a more
intuitive problem of designing the most efficient path.

Another exciting direction is to formalize alternative
forms of teaching. Our current framework assumes that
learners update beliefs through Bayesian inference over
a fixed hypothesis space, which constrains the teacher
to shaping beliefs within that space. However, human
teachers often aim to restructure the hypothesis space it-
self—for instance, by conveying useful abstractions or
reasoning strategies that learners can later apply across
domains (Ham et al., 2025). Extending the information
geometry perspective, we might conceptualize such in-
terventions further as transformations of the manifold’s
geometry, effectively changing the representational space
over which future learning occurs. This connects to long-
standing questions in cognitive science about how instruc-
tion facilitates representational change, schema acquisi-
tion, and learning to learn (Carey, 2009; Gentner et al.,
2003). Formalizing these richer pedagogical strategies
would bring our framework closer to capturing the full
scope of human teaching, where the goal is often not
merely to transmit specific knowledge but to equip learn-
ers with cognitive tools that accelerate learning.
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Appendix
Preliminaries
Probability Theory & Information Theory Here, we introduce core concepts in probability theory and information
theory (Shannon, 1948) used throughout this paper. See Cover and Thomas (2012), Gray (2011), and Polyanskiy and
Wu (2024) and Duchi (2025) for more background.

Our probability theory notation aligns closely with that of Polyanskiy and Wu (2024). For any set X, Δ(X) denotes
the set of all probability distributions with support on X. For any two sets X and Y, we denote the class of all functions
mapping from X to Y as {X → Y} ≜ { 𝑓 | 𝑓 : X → Y}. For any random variable 𝑋 taking values in X, we will
denote the law or distribution of 𝑋 as 𝑃𝑋 ∈ Δ(X). Similarly, the joint distribution of random variables 𝑋 and 𝑌 —
taking values in X and Y, respectively — will be written as 𝑃𝑋,𝑌 ∈ Δ(X × Y); we denote the conditional probability
distribution of 𝑌 given 𝑋 as 𝑃𝑌 |𝑋 ∈ {X → Δ(Y)}. For any two distributions 𝑃,𝑄 ∈ Δ(X), the Kullback-Leibler (KL)
divergence (Kullback & Leibler, 1951) between 𝑃 and 𝑄 is defined as

𝐷KL (𝑃 | | 𝑄) =
{
E𝑃

[
log

(
𝑃 (𝑋)
𝑄 (𝑋)

)]
𝑃 ≪ 𝑄

+∞ 𝑃 3 𝑄
,

where 𝑃 ≪ 𝑄 denotes the absolute continuity of 𝑃 with respect to 𝑄.
We define the mutual information between any two random variables 𝑋,𝑌 as the KL-divergence between the joint

distribution 𝑃𝑋,𝑌 and the product of their respective marginal distributions, 𝑃𝑋 and 𝑃𝑌 :

I(𝑋;𝑌 ) = 𝐷KL (𝑃𝑋,𝑌 | | 𝑃𝑋 × 𝑃𝑌 ).

We define the entropy and conditional entropy for any two random variables 𝑋,𝑌 as

H(𝑋) = I(𝑋; 𝑋), H(𝑌 | 𝑋) = H(𝑌 ) − I(𝑋;𝑌 ).

This yields the following identity for mutual information that applies to any arbitrary random variables 𝑋 and 𝑌 :

I(𝑋;𝑌 ) = H(𝑋) − H(𝑋 | 𝑌 ).

We may also define the joint entropy for two random variables 𝑋 ∈ X and 𝑌 ∈ Y as the (traditional) entropy of the
corresponding (X × Y)-valued random variable: H(𝑋,𝑌 ) = H((𝑋,𝑌 )). Through the chain rule of the KL-divergence
and the fact that 𝐷KL (𝑃 | | 𝑃) = 0 for any probability distribution 𝑃, we obtain another equivalent definition of mutual
information,

I(𝑋;𝑌 ) = E
[
𝐷KL (𝑃𝑌 |𝑋 | | 𝑃𝑌 )

]
= E

[
𝐷KL (𝑃𝑋 |𝑌 | | 𝑃𝑋)

]
.

Fact 1 (Theorem 2.4.1 of Cover and Thomas (2012)). For any two random variables 𝑋 and 𝑌 ,

I(𝑋;𝑌 ) = H(𝑋) + H(𝑌 ) − H(𝑋,𝑌 ).

Rate-Distortion Theory Rate-distortion theory (Berger, 1971; Shannon, 1959) is the sub-area of information theory
dedicated to lossy compression problems. Tools from rate-distortion theory help to establish fundamental limits on
how much information must be retained in a lossy compression in order to achieve a bounded degree of expected error.
Moreover, there are algorithms from rate-distortion theory that facilitate the computation of such optimal compressions.

A lossy compression problem requires two inputs: an information source and a distortion function. An information
source is a probability distribution 𝑃𝑋 ∈ Δ(X) representing uncompressed data. For a given information source 𝑃𝑋,
one looks to compress data 𝑋 via a channel. A channel 𝑄𝑌 |𝑋 : X → Δ(Y) is a conditional probability distribution over
compressed outputs 𝑌 ∈ Y to each input 𝑥 ∈ X. A distortion function 𝑑 : X × Y → R≥0 measures the degradation
or loss of fidelity when assigning compressed values to uncompressed data. To any channel, there is an associated
rate defined as the mutual information I(𝑋;𝑌 ) between the original, uncompressed data 𝑋 ∼ 𝑃𝑋 (channel input) and
the compressed data 𝑌 ∼ 𝑄𝑌 |𝑋 (channel output). This rate is a measure of how much information (on average) from
the original data is retained by the compression. Meanwhile, we are often equally interested in the expected distortion
incurred by a channel:

E [𝑑 (𝑋,𝑌 )] = E𝑄𝑋,𝑌
[𝑑 (𝑋,𝑌 )] = E𝑃𝑋

[
E𝑄𝑌 |𝑋 [𝑑 (𝑋,𝑌 )]

]
.

The distortion-rate function quantifies the fundamental limit on the minimum amount of expected distortion incurred
when the channel is constrained to an upper bound on rate. While the distortion-rate function may normally be written



as an optimization function over channels 𝑄𝑌 |𝑋, it is useful for this paper to equivalently express it as an optimization
over joint distributions 𝑄𝑋,𝑌 constrained to preserve the 𝑋 marginal, 𝑃𝑋:

D(𝑅) = min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋

E [𝑑 (𝑋,𝑌 )] such that I(𝑋;𝑌 ) ≤ 𝑅.

Here, 𝑅 ∈ R≥0 is a rate constraint that a channel achieving the distortion-rate limit must adhere to. In the case of
discrete random variables, such a channel can be computed directly via the Blahut-Arimoto algorithm (Arimoto, 1972;
Blahut, 1972; Csiszár, 1974b), which is an alternating minimization algorithm that minimizes the (unconstrained)
Lagrangian (Boyd & Vandenberghe, 2004) of the constrained optimization problem:

min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋

E [𝑑 (𝑋,𝑌 )] + 𝛽 · I(𝑋,𝑌 ).

The Lagrange multiplier 𝛽 ∈ R≥0 serves as a hyperparameter negotiating between the relative importance of minimizing
rate versus expected distortion. Relating a particular rate limit 𝑅 ∈ R≥0 back to a concrete value of 𝛽 follows from
the fact that the distortion-rate function is itself a convex optimization problem (Chiang & Boyd, 2004) where strong
duality holds (Csiszár, 1974a):

D(𝑅) = sup
𝛽∈R≥0

[(
min

𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋

E [𝑑 (𝑋,𝑌 )] + 𝛽 · I(𝑋,𝑌 )
)
− 𝛽 · 𝑅

]
.

From a computational perspective, the Blahut-Arimoto algorithm operates under the assumption that all random
variables involved in the lossy compression problem are discrete, however the procedure holds in full generality for
abstract random variables (Csiszár, 1974a, 1974b).

Optimal Pedagogy as Bounded Rationality
Recall that optimal pedagogy can be expressed as an instance of an entropic optimal transport (EOT) problem (Shafto
et al., 2021) defined as

min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋 ,𝑄𝑌=𝑃𝑌

E [𝐶 (𝑋,𝑌 )] − 𝜆−1 · H(𝑋,𝑌 ),

where 𝑃𝑋 ∈ Δ(X) is a given 𝑋 marginal that the transport plan must adhere to, 𝑃𝑌 ∈ Δ(Y) is a given 𝑌 marginal that
the transport plan must adhere to, 𝐶 : X × Y → R≥0 is a given cost function, and 𝜆 ∈ R≥0 is a Lagrange multiplier
weighting the relative importance of maximizing joint entropy and minimizing expected cost.

To draw an explicit connection between optimal pedagogy as entropic optimal transport and bounded rationality, we
offer the following proposition:
Proposition 0.1. Let 𝑃𝑋 ∈ Δ(X) and 𝑃𝑌 ∈ Δ(Y) be two known marginal distributions for random variables 𝑋 and
𝑌 , respectively, Then, for any joint distribution 𝑄𝑋,𝑌 ∈ Δ(X ×Y) such that both marginals are preserved — 𝑄𝑋 = 𝑃𝑋

and 𝑄𝑌 = 𝑃𝑌 — we have that
arg min

𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋 ,𝑄𝑌=𝑃𝑌

E [𝐶 (𝑋,𝑌 )] − 𝜆−1 · H(𝑋,𝑌 ) = arg min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋 ,𝑄𝑌=𝑃𝑌

E [𝐶 (𝑋,𝑌 )] + 𝜆−1 · I(𝑋;𝑌 ).

Proof. The proof follows by a direct application of Fact 1 and the marginal constraints imposed by the EOT problem
itself, which render the marginal entropy terms constant with respect to the optimization over joint distributions 𝑄𝑋,𝑌 :

arg min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋 ,𝑄𝑌=𝑃𝑌

E [𝐶 (𝑋,𝑌 )] − 𝜆−1 · H(𝑋,𝑌 ) = arg min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋 ,𝑄𝑌=𝑃𝑌

E [𝐶 (𝑋,𝑌 )] − 𝜆−1 · (H(𝑋) + H(𝑌 ) − I(𝑋;𝑌 ))

= arg min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋 ,𝑄𝑌=𝑃𝑌

E [𝐶 (𝑋,𝑌 )] + 𝜆−1 · I(𝑋;𝑌 ).

□

To give an interpretation of Proposition 0.1 and its significance, recall that one definition of mutual information is
I(𝑋;𝑌 ) = E

[
𝐷KL (𝑃𝑋 |𝑌 | | 𝑃𝑋)

]
.

Adopting a Bayesian interpretation, 𝑃𝑋 represents a prior distribution over 𝑋 and 𝑃𝑋 |𝑌 represents the corresponding
posterior distribution over 𝑋 after observing 𝑌 . Thus, the mutual information quantifies the expected information gain
about 𝑋 from 𝑌 . This interpretation takes on the explicit form of quantifying how much an individual observation
shifts a learner’s prior to a corresponding posterior, on average. One may interpret minimizing this term as being
commensurate with minimizing cognitive effort or the degree to which learning disrupts prior beliefs. The form of
KL-divergence has been used widely in machine learning and cognitive science to measure informational cost to a
cognitive system (Quillien & Taylor-Davies, 2026; Taylor-Davies & Quillien, 2025; Zhu & Griffiths, 2025).



From Bounded Rationality to Rate-Distortion Theory
If we consider the objective function associated with the minimizer identified by Proposition 0.1,

min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋 ,𝑄𝑌=𝑃𝑌

E [𝐶 (𝑋,𝑌 )] + 𝜆−1 · I(𝑋;𝑌 ),

then we may also draw a direct line from the aforementioned bounded-rationality perspective on optimal pedagogy
to rate-distortion theory. In particular, observe that a relaxation of the 𝑌 marginal constraint immediately yields the
Lagrangian associated with the distortion-rate function:

min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋 ,𝑄𝑌=𝑃𝑌

E [𝐶 (𝑋,𝑌 )] + 𝜆−1 · I(𝑋;𝑌 ) ≥ min
𝑄𝑋,𝑌 :𝑄𝑋=𝑃𝑋

E [𝐶 (𝑋,𝑌 )] + 𝜆−1 · I(𝑋;𝑌 ),

where the cost function 𝐶 is the distortion function and 𝜆−1 acts as the corresponding Lagrange multiplier. Note that
we are not the first to observe an upper bound between the distortion-rate function and EOT objective (Amari et al.,
2018; Lei et al., 2022).

By relaxing the teacher’s marginal constraint, we relax the assumption that the teacher is performing Bayesian
inference. Psychologically, this implies the teacher need not be constrained by a certain pattern of target-independent
“cost” of teaching each example. We find this to be a reasonable for the common scenarios wherein the teacher does
not predetermine how often each example must be shown. At this point, note that the retention of the 𝑋 marginal
constraint is tantamount to maintaining the assumption that a learner will update their beliefs according to Bayes’ rule.
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