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Abstract

When learning a novel complex task, people often form efficient
reusable abstractions that simplify future work, despite uncer-
tainty about the future. We study this process in a visual puzzle
task where participants define and reuse helpers—intermediate
constructions that capture repeating structure. In an online
experiment, participants solved puzzles of increasing difficulty.
Early on, they created many helpers, favoring completeness over
efficiency. With experience, helper use became more selective
and efficient, reflecting sensitivity to reuse and cost. Access
to helpers enabled participants to solve puzzles that were oth-
erwise difficult or impossible. Computational modeling shows
that human decision times and number of operations used to
complete a puzzle increase with search space estimated by a
program induction model with library learning. In contrast,
raw program length predicts failure but not effort. Together,
these results point to online library learning as a core mech-
anism in human problem solving, allowing people to flexibly
build, refine, and reuse abstractions as task demands grow.

Keywords: compositional abstraction; online learning; library
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Introduction
From knitting a sweater to building a cathedral, people often
tackle complex tasks by creating and manipulating reusable
structural units. While these units—intermediate representa-
tions or procedures—help manage cognitive load and enable
the otherwise intractable solutions (Gentner, 1983; Gobet et
al., 2001; Zhao et al., 2024), the decision of which units to
build is surprisingly understudied (Ham et al., 2025). Prior
work has formalized this as library learning: inferring a set of
reusable abstractions that jointly compress a task distribution
(Bowers et al., 2023; Ellis et al., 2023). However, this framing
assumes access to all the tasks, while in practice learners typ-
ically do not know what tasks they will encounter next, and
so face an inherently online problem: how do people build
reusable abstractions on the fly?

Studying online library learning poses several methodolog-
ical challenges. First, the space of possible helpers is of-
ten large and open-ended, making it difficult to characterize
meaningful abstractions (Rule et al., 2024). Second, helper
creation trades off expressivity against efficiency: too many
helpers streamline individual solutions while increasing the
cost of maintaining and selecting among them (Wu et al.,
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2023). Third, behavioral tasks must be rich enough to elicit
abstraction, yet structured enough to allow systematic analysis
of learning trajectories.

In this paper, we address these challenges using a novel
visual puzzle paradigm. In this paradigm, participants can
build and reuse geometric patterns while solving progres-
sively more complex tasks, allowing us to study abstraction
creation and reuse on the fly. We first motivate the task and its
computational relevance, and then report an exploratory be-
havioral study examining how abstraction evolves over time.
To foreshadow, we found that human cognitive computations
scale with the size of the underlying search space of a pro-
gram induction model with online library learning, but can
not be predicted by the raw number of primitives encoding a
given puzzle, suggesting that human problem solving relies
on online learning of adaptive structural abstractions.

Background
Abstraction in problem solving has been studied extensively
across multiple computational frameworks (e.g. Gentner,
1983; Gobet et al., 2001; Simon & Lea, 2013). Here we focus
on program induction approaches applied to visual puzzles.

Problem solving as program induction
A computational perspective on puzzle-solving is to formalize
this problem as program induction—the process of inferring
a program that generates the target solution from sparse in-
put–output examples (Bramley et al., 2018; Johnson et al.,
2021; Wang et al., 2023). These programs specify generative
compositional structures, capturing key properties of human
cognition such as hierarchy and relational reasoning (Gentner,
1983; Goodman et al., 2008), across domains such as com-
positional reasoning (Johnson et al., 2021), few-shot learning
(Kryven et al., 2025; Lake et al., 2015; Zhao et al., 2022), and
recently, geometric puzzles (He et al., 2025).

Despite their broad successes, program induction models
depend critically on choice of representations and priors,
raising the question of how representations themselves are
learned, reused, and adapted across tasks. Human chess play-
ers, for example, rely on effective representations that organize
experience into chunks to substantially reduce search (Gobet
et al., 2001). By contrast, many existing program induction
models assume fixed hand-specified representations (Fränken
et al., 2022; Lake et al., 2015), limiting their ability to scale
as search spaces grow exponentially with task complexity.



Library learning
In response to these challenges, library learning in program in-
duction models addresses how learners incrementally acquire
reusable abstractions that support efficient problem solving
across tasks (Ellis et al., 2023). At the computational level of
analysis (Marr, 1982), inducing a library that captures recur-
ring structure in the environment enables compact and gen-
eralizable representations. At the algorithmic level, libraries
compress future search by biasing it toward previously useful
subroutines, reshaping the hypothesis space over time (Zhao
et al., 2024). This perspective has been used to model abstrac-
tion (Rule et al., 2024), skill acquisition (Tian et al., 2020),
and curriculum effects (He et al., 2025), providing a formal
account of how experience across tasks can accumulate into
structured knowledge rather than isolated solutions.

However, most existing library learning models rely on of-
fline optimization, repeatedly re-solving all tasks to evaluate
candidate libraries (Bowers et al., 2023; Cao et al., 2023; Ellis
et al., 2023). While such procedures are well suited for finding
the computational-level solutions, they contrast sharply with
the demands of everyday cognition: people rarely encounter
identical tasks multiple times, and must operate under uncer-
tainty about future tasks, making global optimization infea-
sible. Instead, individual cognition must address the library
learning problem online, as experience unfolds.

Visual puzzles
To investigate online learning of complex structured represen-
tations, we adopt an experimental paradigm of a visual puzzle
task. Visual puzzles provide a rich testbed for studying human
problem solving because they combine perceptual reasoning,
planning, and abstraction. Prior work has shown that such
tasks reveal how people identify patterns, sequence actions,
and transfer knowledge across related problems (Chu et al.,
2025; He et al., 2025). They are especially useful for studying
stepwise reasoning and the emergence of intermediate strate-
gies, as they make the process-level solution observable and
tractable for behavioral analysis (Correa et al., 2025).

Behavioral Paradigm: Pattern Builder
We create a novel Pattern Builder Task (PBT) where people
create progressively more complex visual patterns with access
to creating reusable helpers that carry over to future tasks.

Building patterns by composing programs
In the PBT, participants see a target pattern on a 10 × 10 grid
on the left side of the screen, and an empty canvas on the right
(Figure 1A). The goal is to recreate the target using a small
set of geometric and transformation primitives, including five
shapes: line_horizontal, line_vertical, diagonal,
square (border only), triangle; three binary transforma-
tions: add, subtract, overlap; and four unary operations:
invert, reflect_horizontal, reflect_vertical, re-
flect_diag. Participants can combine operations and prim-
itives to progressively build a pattern, shown in the ‘Your

Pattern’ grid (Figure 1B). In addition to the initial primitives,
participants can also use any line from the ‘Step Sequence’ as
operands (Figure 1C).

For example, to build a ‘thick cross,’ we may first reflect
a primitive horizontal line horizontally: refl_h(line_-
h) and combine this with another primitive horizontal line:
add(line_h,refl_h(line_h)), leading to a thick hori-
zontal line. Next, we reflect this thick line along the di-
agonal to create a thick vertical line: refl_d(add(line_-
h,refl_h(line_h))), and add the two thick lines into the
final cross: add(add(line_h,refl_h(line_h)),refl_-
d(add(line_h,refl_h(line_h)))). We encourage the
reader to try the task at: https://bococo-81.inf.ed.ac.uk/.

Creating and using helpers
In PBT, participants can save any intermediate step as a helper
by clicking a ‘+’ button. Helpers appear as thumbnails in
‘Your Helpers’ (Figure 1D-E), and can be subsequently used
as operands, effectively extending the primitive vocabulary.
Saved helpers persist across trials, unless removed from the
collection by clicking the ‘-’ button. For instance, after con-
structing an X-shaped pattern in Trial 5, a participant could
save it as a helper and reuse it in Trials 6, 7, 13 and 14 which in-
volve an X-shape structure, rather than rebuilding the X shape
from primitives. By allowing participants to externalize and
retain useful structures for reuse, this mechanisms allows us
to observe their online library learning.

Free play
PBT also supports a free-play mode, where participants start
with a fresh canvas, an empty helper library, no target to
match, and can explore building any patterns they wish. They
can submit their creations to a gallery, giving them optional
names. After a submission, the canvas and operation history
are cleared, but helpers created persist through the entire free
play phase. The free-play mode allows us to observe how
people explore the compositional space they’ve learned in the
absence of an instrumental task.

Computational Models
We formalize the PBT problem by inductive program synthe-
sis within the programming-by-example (PBE) paradigm. In
PBE, a domain-specific language (DSL) defines the program
search space, while a set of input–output examples constrains
the space of valid solutions and captures user intention. In
our setting, the DSL consists of the primitives and transfor-
mations as defined in the PBT. The goal of PBE induction
is therefore to find a program 𝑝 in the given DSL such that
executing 𝑝 on an empty canvas 𝑐0 produces the target pattern
𝑐∗, i.e, ⟦𝑝⟧(𝑐0) = 𝑐∗.

Bottom-up search over primitives
One way to solve the PBE induction is via exhaustive search.
Specifically, each candidate program 𝑝 is represented as an
abstract syntax tree, where leaves correspond to primitives
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Figure 1: Task interface. A. Starting view of a trial. Left: Total points so far and the target shape for this trial. Middle: Work
space, matching the target shape with the provided Operations and Primitive shapes. Right: List of steps, each step corresponds
to one line of program. Black borders are only added in the paper for illustration. B. Example preview. C. Example programs.
Each line has a line number, a thumbnail of the pattern that line creates, and the corresponding program (operations over
primitives, steps, or helpers). D. The initial helper space. E. Helper space with example helpers.

in the DSL and internal nodes correspond to transformation
operators (denoted as T ). We perform a bottom-up search
(Albarghouthi et al., 2013; Udupa et al., 2013) over programs
ordered by size. Let |𝑝 | denote program size and let H𝑘 be
the set of programs of size 𝑘 , with H0 consisting of only the
primitives. Programs of size 𝑘+1 are generated by applying
transformation operators to programs in H≤𝑘 :

H𝑘+1 = { 𝑡 (𝑝1, . . . , 𝑝𝑛) | 𝑡 ∈ T , 𝑝𝑖 ∈ H≤𝑘 }.

Search proceeds by enumeratingH0,H1,H2, . . ., correspond-
ing to a breadth-first traversal of the program space.

To mitigate the combinatorial explosion inherent in exhaus-
tive search, we prune the search space using the principle of
observational equivalence (Albarghouthi et al., 2013; Udupa
et al., 2013). Concretely, we eliminate programs that are
equivalent with respect to their output behavior, i.e., produc-
ing identical patterns when executed on an empty canvas. Ob-
servationally equivalent programs are ranked according to one
of two criteria: lexicographic order (referred to as Baseline
in our experiments) or program length (referred to as Short).
Pruning is then performed by retaining only the top-ranked
program within each equivalence class.

Online library learning
The bottom-up search algorithm described above guarantees
completeness under Baseline and minimality under Short.
However, it suffers from poor scalability in online settings,
because the search must be restarted from the primitives for

each new target pattern. To address these limitations, we in-
troduce a simple form of library learning. Let P denote the
set of primitives in the DSL and let 𝑝 (𝑖) be the program dis-
covered for pattern 𝑖. After solving pattern 𝑖, we augment the
DSL by adding 𝑝 (𝑖) to the primitive set, i.e.,

P (𝑖+1) = P (𝑖) ∪ {𝑝 (𝑖) }.

Subsequent searches are then performed over the expanded
DSL, allowing previously discovered programs to be reused
as atomic components. This mechanism reduces redundant
computation and enables the construction of deeper programs
within a fixed search budget (Zhao et al., 2024). We augment
the two existing variants, Baseline and Short, with this library
component, and refer to the resulting methods as Library and
Short+Library, respectively.

Human-model comparison
Our models define two computational metrics: program
length and nodes expanded. Program length is the num-
ber of primitives in the shortest solution program found by
Short+Library, and served as a proxy for pattern difficulty.
Nodes expanded counts each candidate program 𝑝 ∈ H≤𝑘
that the model evaluates during search, including programs
considered before pruning via observational equivalence, re-
flecting the effective size of the explored program space. We
relate these computational metrics to human behavioral met-
rics: steps taken to complete a pattern—the length of a human
mental program compressed via helper reuse; solution time in



Figure 2: Target patterns used in the Experiment.

seconds—the amount of cognitive computations; accuracy—
defined as the exact match between a target patten and the
produced output. We also track success rate for each pattern
as a measure of population-level difficulty.

Behavioral Study
We report an online behavioral experiment using the PBT,
evaluate model predictions, and examine how helper creation
and helper use evolve in human participants.

Experiment
The experiment was approved by the Ethics Committee at
the University of Edinburgh (reference number 359440). All
participants gave informed consent before participating. Pre-
registration is available at https://aspredicted.org/ju2bw5.pdf.

Participants Thirty-four participants were recruited from
Prolific Academic and compensated at a rate of £7.27/hr. Four
participants were excluded based on pre-registered criteria
for task disengagement (rapid declining of performance and
time investment in later trials), yielding a final sample of 30
participants (47% female; 𝑀age = 36.2, 𝑆𝐷 = 9.8). The full
experiment took on average 50.7 minutes (𝑆𝐷 = 17.9).

Design The study was an exploratory, single-condition ex-
periment. Participants solved 14 target patterns (Figure 2)
using the PBT interface (Figure 1). Target patterns are always
presented in the given order. Each pattern required non-trivial
search and planning, while still being solvable. We quantify
the normative difficulty of each pattern using program length.
Target patterns gradually increased in normative difficulty,
motivating increasing use of helpers. We refer to these pat-
terns as P1, . . . P14, in the order they appeared.

Procedure After providing consent, participants read in-
structions describing the task and the interface. They then
completed a tutorial to familiarize themselves with the inter-
face, followed by a brief comprehension quiz. Participants
then proceeded to solve the 14 target patterns (Figure 2), fol-
lowed by a free play phase, with a minimum duration of 5
minutes. Participants could continue beyond this limit with
no time restriction, if they wished. The experiment concluded
with a debrief.

Figure 3: Accuracy across 14 target patterns. Bars and stan-
dard errors for human participants. Colored dots for models.

Results
Participants and Library models converged on helper use.
Participants and Library models were able to find solutions
for all 14 puzzles by reusing past solutions. In contrast, Base-
line models could only solve the first six puzzles within the
given computational budget (Figure 3). Over the 420 trials (30
participants × 14 patterns), participants achieved an overall
accuracy of 92.4% (𝑆𝐷 = 14.3%, 95% CI [87.3%, 97.5%]).
Across all successful trials, participants created a total of 470
helpers (𝑀 = 15.7, 𝑆𝐷 = 9.0). Most participants (93.3%,
28/30) created at least one helper, with individual totals rang-
ing from 0 to 35.

Participants’ helper usage became more efficient over time.
At the onset of the experiment, participants created the largest
number of helpers (P1: 𝑀 = 2.28, 𝑆𝐷 = 1.74; P4: 𝑀 = 2.43,
𝑆𝐷 = 2.37, wherediagonalwas first introduced; Figure 4A).
The proportion of solution steps that involved saved helpers
increased systematically across trials (Figure 4C): early pat-
terns showed relatively modest helper usage rates (P1: 21%),
whereas later patterns exhibited substantially higher rates (P9:
80%; P14: 87%). A linear regression confirmed a significant
positive trend in helper usage over trials (𝛽 = 3.54% per trial,
𝑟 = .79, 𝑝 < .001).

Consistent with this progression, program length was pos-
itively correlated with helper use rate (𝑟 = .77, 𝑝 = .001),
indicating that participants increasingly used helpers when
solving longer programs. Indeed, as illustrated in Figure 4B,
participants solved tasks with helpers in significantly fewer
steps compared to solutions expressed in raw primitives alone
(mean reduction = 10.93 steps, 𝑡 (387) = −25.18, 𝑝 < .001,
𝑑 = −1.28). Together, these findings suggest that participants
managed search complexity by expanding the breadth of ex-
ploration rather than increasing depth, leveraging reusable
abstractions to make search more efficient.

In addition to increased helper usage, participants also con-
verged on helper creation strategies. In early trials (P1–P7),
the most common helper was saved by 53–64% of helper-
creating participants. This agreement increased drastically in
later trials: P8 (81%), P9 (94%), P10 (82%), and P12 (93%),
where nearly all participants saved the same patterns (Fig-
ure 5). This convergence matches the heuristic used in our
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Figure 4: Behavioral metrics across target patterns. A. Num-
ber of helper creations per pattern (Mean ± SD). B. Human
steps compared to program length. C. Proportion of solution
steps using saved helpers.

Library models: adding the final solution as a new primi-
tive. Among participants who created helpers, the proportion
who saved the target pattern itself increased over time: 50.8%
in the first seven trials versus 78.5% in the last seven trials
(𝛽 = 3.25% per trial, 𝑟 = .73, 𝑝 = .003).

Nodes expanded, but not program length, predicts par-
ticipants’ solution time. Participants on average spent 84
seconds (𝑀𝑑𝑛 = 44.1s, 𝑆𝐷 = 136.1s) on each puzzle, and
completed a pattern with a median of 3.0 steps (𝑀 = 3.8,
𝑆𝐷 = 3.2). These two metrics were strongly correlated across
patterns (𝑟 = .89, 𝑝 < .001) (Figure 6C). To examine whether
computational models predict human performance, we cor-
related pattern-level metrics from the Short+Library model
with human behavioral measures (Figure 6). The number of
nodes expanded strongly predicted both mean solution time
(𝑟 = .82, 𝑝 < .001; Figure 6A) and mean number of steps
(𝑟 = .79, 𝑝 < .001; Figure 6B). Trial-level mixed-effects
models confirmed these relationships: log-transformed nodes
expanded significantly predicted steps (𝛽 = 0.86, 𝑧 = 6.73,
𝑝 < .0001) and log-transformed solution time (𝛽 = 0.41,
𝑧 = 9.94, 𝑝 < .0001), accounting for individual differences
among participants.

In contrast, while shorter programs were associated with
higher success rates (𝑟 = −.67, 𝑝 < .01), program length did
not reliably predict solution time or number of steps (𝑟 = −.20,
𝑝 > .05). This dissociation suggests that what determines
human difficulty is not the length of the final program, but the
computational cost of discovering it in the compressed space
of learned compositional abstractions.

Helper use shapes free play Participants spent an average
of 6.32 minutes (beyond the required 5 minutes) in the free-

Figure 5: Helpers created by participants. Each row shows the
patterns most frequently saved as helpers for that trial, ranked
by popularity. Darker cell color indicates higher popularity.
Only patterns saved by more than one participant are shown.
Orange borders are for helpers saved by Library models.

play phase (𝑆𝐷 = 2.15, 𝑀𝑑𝑛 = 5.66, range: 5.03–17.12 min).
During this time, 27 of 30 participants (90.0%) submitted at
least one pattern to the gallery, yielding a total of 80 creations
(𝑀 = 2.67 per participant, 𝑆𝐷 = 1.70). Of these, 64 patterns
(80.0%) were given custom names by participants, suggesting
that people navigated the learned abstract compositional space
in a semantically structured way, rather than merely exploring
low-level configurations.

We found that participants often recreated and reused
helpers previously built in the task phase, suggesting men-
tal sampling from the learned abstract compositional space.
Additionally, 17 of 30 participants (56.7%) created at least one
new helper during free play, with a total of 146 helpers created
(𝑀 = 4.87, 𝑆𝐷 = 5.87). A logistic regression revealed that
the number of helpers created during the task phase signifi-
cantly predicted whether participants created helpers during
free play (𝛽 = 0.29, 𝑝 = .005), indicating that engagement
with library learning transferred to open-ended exploration
(Figure 6D).

Figure 7 shows representative patterns created during
free play, including regular, symmetric designs (e.g., “Fire-
flower”), and semantically-driven compositions (e.g., “city
sky line”, “THUMBS UP”). Symmetric constructions sug-



Figure 6: Participant performance and model-estimated metrics. A. Mean completion time versus log10(nodes expanded). Each
point for a pattern (P1–P14). Dashed line shows linear fit. B. Mean number of steps versus log10(nodes expanded). C. Mean
completion time (blue, left axis) and mean steps (red, right axis) for each pattern. D. Number of helpers created during task
phase predicts helper creation during free play (yes/no). Each point represents one participant, with jitter for visibility.

Figure 7: Examples of patterns participants created during
free play. Pattern names were provided by participants.

gest the use of perceptual priors, consistent with Gestalt the-
ory. Figurative designs suggest that participants exercised
top–down semantic control over the learned representations,
using them to express prior knowledge about the natural world.

Discussion
People naturally create generalizable abstractions to make
hard tasks easier. They adjust these intermediate represen-
tations as they learn about the world around them. We stud-
ied the computational process in this online library learning
scenario with a novel Pattern Builder Task (PBT) paradigm,
in which participants solve complex pattern construction
tasks using a small set of geometric primitives, while hav-
ing the ability to create and reuse intermediate abstractions
(“helpers”). This design allows us to observe how reusable
structure is constructed, refined, and deployed online as task
demands grow. Our results show that people increasingly rely
on helpers when solving visual puzzles, converge on similar

abstraction strategies, and engage in online library learning
to solve problems that would be otherwise intractable. We
formalize the task as program induction with library learning,
showing that human solution time and complexity track the
model-estimated search complexity (nodes expanded), rather
than the length of the shortest primitive program. Finally,
in an unconstrained free-play phase, participants continue to
reuse and invent helpers, suggesting that abstraction learning
is not merely reactive to task difficulty, but functions as a
self-sustaining mode of building representations. Symmetric
designs produced in free-play likely reflect Gestalt and com-
pressibility biases, while figurative designs suggest top-down
mapping of the learned compositional language onto semantic
priors over the natural world.

Participants’ helper use was adaptive, given task structure.
Early in learning, participants externalized many intermedi-
ate steps, favoring completeness over efficiency. Over time,
they became more selective, generating efficient helpers that
enabled compressed solutions. Strikingly, this improvement
emerged without participants seeing the full task space, and
included anticipatory, intermediate structures intended for fu-
ture reuse. While our computational model is limited to using
complete patterns as new primitives, extending it to capture
this partial abstraction could provide a more in-depth account
of human problem-solving in online and sequential domains.
Together, the results support the view that human problem
solving relies on adaptive, online, and path-dependent learn-
ing of compressed library-like abstraction, that restructure the
representational vocabulary over time.

Despite these insights, our study focused on individual
learners, leaving open questions about how structured abstrac-
tions are learned in social contexts, or across generations of
learners, where observation, communication, and accultura-
tion could drive the emergence of a common abstraction strat-
egy (Acquaviva et al., 2022; Boyce et al., 2024; Effenberger
et al., 2021; Pu et al., 2020; Thomas et al., 2024). Future
work could explore how such abstraction libraries evolve in
social settings, where helpers can be named, demonstrated,
or taught, potentially giving rise to shared representational
conventions analogous to cultural tools.
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